Abstract. The goal of this work is to show that the numerical solution of the obstacle scattering problem based on the MRC (modified Rayleigh conjecture) method is a competitive alternative to the BIEM (boundary integral equations method), and that it has numerical advantages which may be especially important in three-dimensional scattering problems with non-smooth domains, for example, with domains whose boundaries contain corners. MRC is formulated, the algorithm, based on it, is described, and numerical results are presented.
Introduction
The goal of this work is to show that the numerical solution of the obstacle scattering problem based on the MRC (modified Rayleigh conjecture) method is a competitive alternative to the BIEM (boundary integral equations method), and that it has numerical advantages which may be especially important in three-dimensional scattering problems with non-smooth domains, for example, with domains whose boundaries contain corners. Several numerical examples illustrate the above conclusions. In Section 1 the statement of the problem is formulated in the two-dimensional case. In Section 2 the MRC is formulated (see [8] ), and its extension (Theorem 2.2) convenient for the numerical realization is given. In Section 3 an algorithm, based on MRC, for solving the direct scattering problem is given. In Section 4 the results of the numerical experiments are presented.
We start with the formulation of the obstacle scattering problem. In this paper we consider the Dirichlet boundary condition, but the method we develop can be used for the Neumann and Robin boundary conditions.
Let an obstacle be a bounded domain D ⊂ R 2 with a Lipschitz boundary Γ. Fix a frequency k > 0 and denote the exterior domain by D = R 2 \D. A solution v(x) of the Helmholtz equation where the limit is attained uniformly for all the directions x/|x| , x ∈ R 2 . The Exterior Dirichlet Problem consists of finding an outgoing solution of the Helmholtz equation (1.1) which satisfies the boundary condition
where f is a continuous function, see [6] for the existence and uniqueness results for this problem. A particular case of the above problem is the Direct Acoustic Obstacle Scattering Problem. Let α ∈ S 1 , and the incident field be
The problem is to find the total field
and the scattered field u s satisfies (1.1)-(1.2). It is known (see e.g. [6] ), that every outgoing solution v(x), x ∈ D has an asymptotic representation
is called the Far Field Pattern of u. For the Direct Acoustic Obstacle Scattering Problem this representation takes the form
where the uniquely defined function A(α , α) is called the Scattering Amplitude of the Obstacle Scattering Problem. Let J l (t) and Y l (t) be the Bessel and Neumann functions of the integer order l. The first Hankel function of order l is defined by H (1) l = J l + iN l . Suppose that the circle B R = {x ∈ R 2 : |x| ≤ R} contains D. Then, in the region |x| > R, the outgoing solution of the Exterior Dirichlet Problem (1.1)-(1.3) has a unique representation
where x/|x| = (cos(θ), sin(θ)). The Rayleigh Conjecture (RC) states that the series (1.9) converges up to the boundary Γ. This conjecture is false, see [1] , [4] , [6] . Recently A.G. Ramm [8] established a Modified Rayleigh Conjecture (MRC). In this paper the MRC approach is demonstrated to be a viable alternative for computational Direct Scattering problems. In [8] a method for solving the inverse obstacle scattering problem is also proposed. We plan to work on its numerical implementation in the near future. In [7] multidimensional inverse scattering problems are studied.
Modified Rayleigh Conjecture (MRC).
A 2-D version of the main result from [8] is Theorem 2.1. Let (1.9) be the unique representation of the outgoing solution v(x) of the Exterior Dirichlet Problem (1.1)-(1.3). Fix an > 0.
Then there exists a positive integer L = L( ) and the coefficients c l = c l ( ), l = 0, ±1, . . . , ±L such that (i).
m is the Sobolev space, and
Proof. (i)
. Without loss of generality we can assume that the origin is an interior point of the domain D. Therefore there exists δ > 0 such that B δ = {x ∈ R 2 : |x| < δ} ∩ Γ = ∅, where Γ is the boundary of D. Suppose that a parametric equation of Γ is
Let r(t) = |r(t)|. Following [6] , it is enough to show that functions
where e iθ(t) = r(t)/r(t), and l = 0, ±1, ±2 . . . , form a complete system in L 2 (Γ). Here and in the sequel unit vectors in R 2 and the corresponding complex numbers are identified as needed.
By the Addition Theorem for any x, y ∈ R 2 with |x| > |y| we have
where x/|x| = e iθx and y/|y| = e iθy . Recalling that the fundamental solution to the Helmholtz equation in two dimentions is
define the single-layer potential of g by
Thus w(y) = 0 for any y ∈ B δ . By the unique continuation property, w(y) is identically equal to zero in D. The continuity of the single-layer potential implies that w(y) = 0, y ∈ Γ. Since w(y) is an outgoing solution of the Helmholtz equation in D , vanishing on Γ, it follows that w(y) = 0, y ∈ D . Finally, the jump properties of the normal derivative of the single-layer potential imply that g = 0 in L 2 (Γ). (ii). Let the coefficients c l = c l ( ) be chosen according to (i). Denote
According to Green's formula
Let D ⊂ B R = {x ∈ R 2 : |x| < R}, and S R be the boundary of B R . Since
and
Since (∆ + k 2 )w = 0 in D this formula with m = 1/2 together with (2.9) and (2.10) gives (2.13)
¿From local elliptic estimates and (2.13) it follows that (ii) of Theorem 2.1 holds with any m.
Bessel's inequality and (2.10) imply
and (iii) follows.
According to Theorem 2.1 the computation of the outgoing solution of (1.1)-(1.3) is reduced to the approximation of the boundary values in (1.3) by functions ψ l (t). A direct implementation of the above algorithm is efficient for domains D not very different from a circle, e.g. for an ellipse with a small eccentricity (see numerical experiments in the next Section). The numerical difficulties happen because the Neumann functions N l with large values of l are bigger than N l with small values of l by many orders of magnitude. A finite precision of numerical computations makes it necessary to keep the values of L not high, e.g. L ≤ 20. This restriction can be remedied by adding to the set {ψ l } similar functions, centered at other interior points x j ∈ D. Such an approach is justified by the following Theorem: Theorem 2.2. Let v(x) be the outgoing solution of the Exterior Dirichlet Problem (1.1)-(1.3). Suppose that points x 1 , x 2 , . . . , x J are in the interior of D, and > 0.
Then
There exists a positive integer L = L( ) and the coefficients c lj = c lj ( ), l = 0, ±1, . . . , ±L, j = 1, 2, . . . , J such that
where
where α = x/|x| = e iθ .
Proof. Items (i) and (ii) follow from Theorem 2.1. For item (iii) note that
Finally,
Direct Scattering Problem via MRC.
According to Theorem 2.2 one can approximate the scattered field u s of the Direct Obstacle Scattering problem (1.4)-(1.6) by minimizing (2.15) with f (x) = −u i (x), x ∈ Γ. More precisely, the algorithm can be described as follows:
Initialization. Fix an integer L > 0 and an > 0. Choose x 1 , x 2 , . . . , x J in the interior of D. If r(t), 0 ≤ t < 2π is an equation of the boundary Γ, let
for c ∈ C N , N = (2L + 1)J. If the minimum of Φ in (3.3) is smaller than the prescribed tolerance , then the scattered field is approximated by v (x), x ∈ D , given by (2.16), and its Scattering Amplitude A(α , α) is computed by formula (2.17).
Numerical experiments also show that it may be beneficial to complement the set of functions ψ lj by other known outgoing solutions in D .
An example of such a solution v(x) is the field scattered by a sphere B a (x 0 ) ⊂ D of radius a > 0, subjected to the same incident wave u i (x) = e ikα·x as in the original Direct Scattering problem. It is given by
and, because θ 0 → θ as |x| → ∞, x/|x| = α , its scattering amplitude is
where α = x/|x| = e iθ , α = e iβ , and (x − x 0 )/|x − x 0 | = e iθ0 . The numerical implementation of the minimization algorithm begins with the choice of M knots 0 = t 1 < t 2 < · · · < t M < 2π, and points x j , j = 1, . . . , J in the interior of D. Then the values {ψ lj (t m )} M m=1 form N = (2L + 1)J vectors a (n) , n = 1, 2, . . . , N of length M . Let
. Then the minimization problem (3.3) is reduced to the finite dimensional minimization problem
where A is the matrix containing vectors a (n) , n = 1, 2, . . . , N as its columns. If other outgoing solutions are used in addition to functions ψ lj , the size of matrix A is increased accordingly.
We use the Singular Value Decomposition (SVD) method (see e.g. [5] ) to minimize (3.6). Small singular values of the matrix A are used to identify and delete linearly dependent or almost linearly dependent combinations of vectors a (n) . This spectral cut-off makes the minimization process stable. The entire algorithm is summarized below. We denote by V H the complex conjugate transpose of a matrix V . Also, by the definition, the inner product in C N complex conjugates its first component.
Iterative MRC. Fix an > 0, an integer L > 0, and w min > 0.
Choose M knots 0 = t 1 < t 2 < · · · < t M < 2π, and points x j , j = 1, . . . , J in the interior of D.
, |l| ≤ L , j = 1, 2, . . . , J , and the matrix A of size M × N , whose columns are the vectors a (c) Compute the normalized residual
≤ , then stop. The minimizer is given by
Compute the scattered field v s using (2.16) and the Far Field Pattern using (2.17). 
Numerical Experiments.
The results obtained by the MRC method (for smooth boundary Γ) were compared to the results obtained by the Boundary Integral Equation Method (BIEM) as presented in [2] . Accordingly, to find the outgoing solution v(x) of the Exterior Dirichlet Problem (1.1)-(1.3) one has to solve the integral equation
for the density function ϕ ∈ C(Γ). Following the recommendations in [2] the value for the real coupling parameter η was chosen to be equal to the wave number k. The above integral equation was solved using the Nyström method, see [2] , Section 3.5.
After the density ϕ is computed, the Far Field Pattern can be obtained from
where ν is the exterior unit normal vector to the boundary Γ. We conducted numerical experiments for four obstacles: two ellipses of different eccentricity, a kite, and a triangle. Each case was tested for wave numbers k = 1.0 and k = 5.0. Each obstacle was subjected to incident waves corresponding to α = (1.0, 0.0) and α = (0.0, 1.0). The results are shown in Table 1 . The column J shows the number of the interior points x j used in the We also tested the algorithm with the outgoing solutions (3.4) induced by spheres in D. These scattering solutions were used in addition to functions ψ lj . The spheres were centered at the same interior points x j chosen in the experiment. The radius of each of the spheres is chosen to be the biggest one that fits it within the domain D. Thus we allow the spheres to intersect each other, but still be entirely inside the domain D. The column withr min shows the values of the normalized residual attained in this version of the MRC algorithm. Values L = 5 and M = 720 were used in all the experiments. The 720 knots t m were uniformly distributed on [0, 2π]. Table 2 shows the scattering amplitude for vectors α at every multiple of 30 o for Experiment I, and the ratio (denoted by MRC/BIEM) of the scattering amplitude computed by the MRC method and by the BIEM. The BIEM was implemented as described in the beginning of this section with n = 64 (see [2] ). The scattering amplitudes shown correspond to the last column in Table 1 .
Experiment I. The boundary Γ is an ellipse described by
The MRC minimization used 4 interior points x j = 0.7r(
), j = 1, . . . , 4. Run time for the MRC was 2 seconds vs. 25 seconds for the BIEM on a 333 MHz PC.
Experiment II. The kite-shaped boundary Γ (see [2] , Section 3.5) is described by Experiment IV. The boundary Γ is an ellipse described by (4.5) r(t) = (0.1 cos t, sin t), 0 ≤ t < 2π .
The MRC minimization used 32 interior points x j = 0.95r(
16 ), j = 1, . . . , 32. Run time for the MRC was about 140 seconds.
Conclusions.
Computation of scattering solutions via the Modified Rayleigh Conjecture method provides an alternative to the Boundary Integral Equation Method. BIEM representations (4.1) and (4.2) are exact, while MRC provides an approximate method. The advantages of MRC consists of its easy implementation in both 2-D and 3-D cases. Also its performance is shown to be better, or, at least, equal to the BIEM. In contrast to BIEM, no additional programming is needed for domains with corners. Additional studies are needed to fine tune the performance of the MRC algorithm, but it seems that the most dramatic improvement over the BIEM may be for 3-D obstacles. The usage of the outgoing waves, scattered by spheres, improves the algorithm, especially if their centers are located away from the boundary of the obstacle. The improvement is more pronounced for values of L < 5. The choice of the spheres inscribed in the domain D was the most efficient in the conducted experiments.
